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Abstract 
We present a strategy for simulating the scattering effect of an array of self-aggregated (SA) metal nanoparticles (NPs) on the 
light absorption in solar cells. We include size and shape effects of the NPs, the effect of a layered substrate and the effect of the 
interaction between NPs. The simulation relies on realistic characterization by SEM microscopy of the random NP arrays. Time 
and memory limitations of numerical approaches are overcome using semianalytical expressions. Size and shape considerations 
deal with truncated-sphere shapes by using a polarisability tensor. This is a development of other models leading to equivalent 
dipoles from the external source and the radiated fields from the rest of NPs. Once an equivalent array of 3-D dipoles is found, 
the total electromagnetic field and optical simulations are performed. The general trends show good agreement with experimental 
measurements. A critical analysis of the model is presented, and some improvement strategies are discussed for future studies. 
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1. Introduction 
The majority of solar cell technologies are currently based on Si, as the industry is still focused on Si-based 
processes. However, as other minor technologies are increasing its efficiency most industrials look for a competitive 
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advantage by reducing costs while maintaining high efficiency.  In Si photovoltaics, up to 51% of the cost is due to 
the silicon wafer, so a thickness reduction of the cells is therefore planned in the next years [1].   
However, this thickness reduction leads to incomplete light absorption. Thinner solar cells therefore require light 
trapping strategies different from the traditional texturing, as textured thinner solar cells are expected to have a much 
greater breaking ratio during production.   
A solution is possible with the use of nanostructures which provide scattering and therefore an enhancement in 
light absorption. Moreover some techniques, such the self-aggregation, have already been demonstrated to be 
economically feasible from the industrial point of view in the photovoltaic industry [2].  
The self-aggregation method lead to nanoparticles that are not completely spherical or spheroidal [3], but rather 
truncated forms. This is intrinsic to the fabrication process and the wetting properties of the materials involved.  
Thus, traditional spherical models based on Mie seem not so appropriated to predict the behaviour of those systems, 
and the final application makes the multi-layered substrate too important to neglect its effect.   
This work presents an approach to simulate the behaviour of metal nanoparticles over a stratified media assuming 
truncated spheres and a dipole-like radiation system solved using Green’s function techniques.  Thus, in Section 2 
the details of a semianalytical model to obtain the polarisability of truncated spheres are presented, together with a 
critical analysis of its numerical particularities and the results.  In section 3, the strategy in the use of Green 
functions to solve the induced dipoles is presented, taking as the exciting source not only the external exciting field 
but also the field radiated by the rest of the nanoparticles/dipoles.  The model is tested in Section 4, where a critical 
comparison between experimental and simulated data is performed. 
 
Nomenclature 
NP Nanoparticle  
SA  Self-aggregated 
αH Parallel or horizontal eigenpolarisability 
αV Normal or vertical eigenpolarisability 
α Polarisability tensor 
R Radius of the spherical nanoparticle 
a Radius of the theoretical intersection between the spherical nanoparticle and the substrate 
θ Truncation angle 
ε Permittivity function of a material  
V Volume of a nanoparticle of radius R 
Va=1 Volume of a truncated nanoparticle in Jesper-Jung’s model 
KH,V Integral Kernels (Parallel and Vertical, respectively) 
N degree of the Laguerre polynomial / degree of Gauss-Laguerre quadrature  
zj jth zero of the Laguerre Polynomial of degree N 
ωj jth weighting factor for the Gauss-Laguerre quadrature 
 
 
 
Figure 1 Schema of the structure studied by Jesper Jung.  Three different materials can be considered in four different regions, corresponding to 
the substrate (4 or 3-4), the nanoparticle (2-3 or 2) and the surrounding upwards media (1, usually air).  The truncation angle is defined from the 
bottom of the particle.  All the solutions are calculated assuming that the parameter “a” is kept constant to 1. 
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2. Polarisability of truncated nanoparticles 
There are many references dealing on how to model the polarisability of spheres [4] and spheroids [5].  
However, only a few take the substrate into account, even if its effect, when thinking on a solar cell application, is 
too important to neglect. 
One of the simplest ways to take the substrate into account is defining an average or effective refractive index 
[6].  Other more precise models deal with an imaginary source to take into account the reflected power from the 
substrate (the image dipole approximation [7]). Some variants of those have proposed to include the effect of the 
image dipole into a more complex definition of the effective refractive index of the surrounding media [8]. 
One of the most suitable models and expressions for calculating the polarisability of a truncated nanoparticle on 
a substrate can be found in Bedeaux and Viegler [9].  This is one of the more accurate analytical expressions dealing 
with self-aggregated nanoparticles.  However, there are some simplifications that lead to similar results, such as 
Jesper Jung’s approach [10].  
In this paper, Jesper Jung’s approach is used and analysed. This model is based on the quasi-static approximation 
(QSA), so it neglects any retardation effect and thus will be only valid for small nanoparticles. This limitation can 
easily be overcome by the right choice of the nanoparticle distribution.  The QSA approach has its advantages as it 
makes independent the geometrical influence of the nanoparticle from the properties of the involved materials. This 
allows the mathematical treatment to be simplified and analytical solutions are possible even for complex 
geometries. This makes the QSA an interesting approach for the geometries involved in this work.  The structure 
modelled by Jesper Jung is shown in Fig. 1. 
In summary, Jensen Jung uses toroidal coordinates to solve the electrostatic potential of a truncated sphere. By 
comparing some of the expressions during its mathematical development, he is able to define two directional 
eigenpolarisabilities: The first one horizontal or parallel to the substrate (αH) and the second one vertical or normal 
to it (αV). This two eigenpolarisabilities imply that, for normal incidence of light, the main axis of the polarisation 
correspond to the main axis of the eigenpolarisability.  Thus, the main condition that Bohren-Huffman required [11] 
to properly define a polarisability tensor is required, leading to eq.1: 
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The full details of the model can be found in the original reference [10].  Here, only some comments and a brief 
analysis of the model is presented: 
First, the geometrical influence of the truncation angle is expressed in two-parameter integral Kernels:  For each 
truncation angle θ there is one used to obtain the parallel eigenpolarisability KH(x,y,θ) and another for the 
perpendicular one KV(x,y,θ). Second, the eigenpolarisabilities are found by solving a Fredholm’s integral equation 
of second kind (eq.2).  In order to solve it matricially, a Gauss-Laguerre Quadrature can be performed, leading to 
eq.3  
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In eq.2 and eq.3 the matrix H includes the Kernel values.  Therefore different values of H (and thus different 
values for the solution vector b) will be obtained depending on the choice of the eigenpolarisability (parallel or 
normal). Moreover, the matrix A is very badly conditioned as the toroidal coordinates involve hyperbolic 
trigonometrical functions that lead to very big and very small values at the same time.  Thus, it becomes numerically 
singular for parameters beyond µ=10.   
This implicitly defines the maximum possible order of the Gauss-Laguerre quadrature as the greater zero of the 
4th degree Laguerre Polynomial is about 9.6 whereas for the 5th degree is beyond 10. Thus, the quadrature should 
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be done for N=4. An alternative would be to use symbolic variables to invert analytically the A matrix and then 
substitute the values.  This is feasible for a 4x4 matrix. However, during the final matrix inversion to solve the 
system in eq.4, similar problems occur and no analytical expression is found for inverting a 4Nx4N symbolic matrix 
for N≥4.  Even if the inversion is avoided using other strategies such like the LU decomposition, the numerical 
problems of using µ>10 seem to be unavoidable. Equation 3 can be solved matricially making all µ j parameters 
correspond to a zj. For each truncation angle and wavelength: 
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Once the b vector is solved in eq.4 for µj=zj, eq.3 can be used to solve b for many other values of µ. With those, 
the eigenpolarisabilities are found as: 
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Where bH and bV values correspond to some of the b elements depending on the Kernel choice in matrix H 
(eq.3). Notice that those improper integrals can be solved again with a Gauss-Laguerre Quadrature with the 
advantage of using the same abscissas and weighting factors that have been previously calculated for solving the 
b(µ) values in eq.4. This will avoid using eq.3 recursively. 
A latter comment on this model is related with how to transform the eigenpolarisabilities in the actual 
polarisabilities. The model obtains αH and αV in terms of volume units.  Thus, the correction factor is: 
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Notice that, for any truncation angle, the solution corresponds to a truncated particle whose theoretical 
intersection with the substrate always define a circle with radius a=1 (see Fig.1).  This means that the radius of the 
particle increases as the truncation angle decreases.   
Fig.2a and Fig.2c show that as the truncation angle increases, an important redshift is found for the resonance of 
the parallel polarizability, whereas a slight blueshift occurs for the vertical one (Fig.2b and 2d).  This is consistent 
with the flattened particles behaviour, as when increasing the aspect ratio the longer axis supports lower energy 
resonances and the short axis supports higher ones.  The smaller difference in the blueshifted resonances is mainly 
due to the differences between the wavelength and the energy scales.   
Moreover, both polarisabilities decrease with the truncation angle as the particles become smaller in volume and 
thus there are less charges to be polarised.  However, the vertical polarizability decreases faster than the parallel as 
the Feret diameter in the vertical axis always decreases with increasing truncation angles and this is not true for the 
parallel direction.  This dimensional comparison in terms of the Feret Diameter also explains why the redshift is 
even more important at truncation angles beyond 90degrees. 
In brief, as shown in Fig.2, even if the quadrature is limited to N=4, the resulting eigenpolarisabilities for a Ag 
nanoparticle on a silicon oxide substrate show a resonance that fits with the expected behaviour at increasing 
truncation angles. Moreover, the Mie theory predicts a polarizability for spherical Ag nanoparticles in the range of 
10-31-10-33 C·m/V. However, the exact values may not be too accurate as there are several quadratures involved and 
because their accuracy is limited by the numerical issues that have been described. 
3. Determination of equivalent dipoles using Green functions 
The standard strategy when studying radiating nanoparticles is to substitute the nanoparticle itself by an 
equivalent radiating source.  In this case only dipoles are going to be considered, as higher excitation orders usually 
appear at much higher sizes. 
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Figure 2 Normal components of the polarisability values for truncated spheres of 10nm of radius.  The different curves correspond to different 
truncation angles (in degrees). Left column corresponds to the real part (a) and the imaginary part (c) of the parallel to de interface component.  
Right column corresponds to the real part (b) and the imaginary part (d) of the parallel to de interface component. 
Thus, the equivalent dipoles have to be determined.  The tensor polarisability has already been calculated with 
the Jesper Jung approach.  Now, the external exciting electric field has to be calculated.  In order to do this, both the 
external source of light and the radiated fields by the rest of the nanoparticles are necessary to find the radiated field 
by a nanoparticle.  Thus, there is an implicit dependence that would need a complex iterative method to solve the 
whole system.  However, there is another way that allows to solve the problem matricially:  The Green Functions.  
In short, when a Green Function is used, the radiated field for a single isolated nanoparticle reduces to:  
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The radiated field of a nanoparticle i in a M-nanoparticle array then becomes: 
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From equation 9, it is possible to solve all the dipoles at once: 
a b 
c d 
 F. Cortés-Juan et al. /  Energy Procedia  84 ( 2015 )  204 – 213 209
 
൮
ࡼଵ
ࡼଶ
ڭ
ࡼெ
൲ ൌ ൦ࡵࢊ૜ࡹ࢞૜ࡹ െ ൮
૙૜࢞૜ ࡳ૛૚
ࡳ૚૛ ૙૜࢞૜
ǥ ࡳࡹ૚
ǥ ࡳࡹ૛
ڭ ڭ
ࡳ૚ࡹ ࡳ૛ࡹ
ڰ ڭ
ǥ ૙૜࢞૜
൲൪
ିଵ
൉ ൮
ߙଵࡵࢊ૜࢞૜ ૙૜࢞૜
૙૜࢞૜ ߙଶࡵࢊ૜࢞૜
ڮ ૙૜࢞૜૙૜࢞૜
ڭ ڰ ڭ
૙૜࢞૜ ૙૜࢞૜ ڮ ߙேࡵࢊ૜࢞૜
൲ ൉ ൮
ࡱ଴
ࡱ଴
ڭ
ࡱ଴
൲ 
 
(10) 
In eq.10, for simplicity, the dependency on the spacial coordinates has been removed. The Gji are the 3x3 Dyadic 
Green Functions that express the radiated field from the particle j to the particle i. It has been assumed that the 
external electric field corresponds to an infinite plane wave, so every particle is externally excited in the same way. 
Notice that eq.10 is still valid even if the polarisabilities αi are 3x3 tensors αi as shown in eq.1. 
The Green function for an elementary dipole in a homogeneous medium is well known [12].  When a substrate is 
taken into account, some differences have to be included in the Green Functions as well as in eq.10, as the particle 
can interact with itself (just like the image-dipole approximation proposes).  Thus, instead of having an Id3Nx3N in 
equation 10, another Green function should be included. 
Fortunately, the radiation problem over a two layered substrate has already been solved so the expressions for 
those Green functions are also known. They are too complex to be summarized here, but they can be found 
elsewhere [13].  The main difference is that a tensor polarisability α  will be used instead of a scalar value α.  
In this approach, thus, point dipoles will be considered placed at the centre of the nanoparticles.  This 
dimensional assumption implies that the solution will not be realistic within the space actually occupied by the 
nanoparticles, but everywhere else it will be correct [11]. 
4. Testing the model 
The experimental validation of the model is not easy as transmission measurements are not feasible on a 180µm 
c-Si substrate in the visible range and only reflection measurements can be done.  
The model allows to define the radiating sources at any point in the space.  Thus, it is possible to make real 
random distributions by taking SEM images and analysing the particles using a software like ImageJ (Fig.3b). In 
Fig.3a, a real NPs self-aggregated nanoparticle distribution is shown.  In this case, a 3nm Ag precursor layer is 
deposited on 65nm of SiOx antireflection coatings on Si and then annealed 1h at 200º under inert conditions. 
In Fig.3 it is possible to see that even if the particles are not perfectly spherical from above, this approach seems 
reasonable. Indeed, making statistics from different SEM images with a total of 1964 analysed NPs, it is found that 
the average circularity (Fig.3c) is of 0,906±0.001.  Moreover, the average size of the nanoparticles (Fig.3d) is of 
R=9,8±0,1 nm, small enough to be able to use with the quasi-static approximation. For the truncation angle, the 
measurement is much more difficult to perform as the SEM images are not easy to take. Moreover this image 
treatment requires an important manual work. As most images show angles between 45 and 90 degrees, a random 
distribution of angles between these two limits will be used. 
With these data and using the Green functions, a mapping of the electromagnetic field is done. This allows to 
calculate the absorption losses within the nanoparticle as well as the flux of the Poynting vector.  Thus, optical 
magnitudes like reflectivity, transmission and absorption can be obtained, as shown in Fig.4. 
The induced currents in the Ag NPs lead not only to a radiating dipole but to ohmic losses (red curve in Fig.4). 
Thus, at the wavelength range at which the scattering peak is placed (around 400nm), the absorption of light by the 
silicon substrate is reduced (black curve). All this has already been verified experimentally in finished solar cells by 
measuring internal quantum efficiency [14].   
However, even if the overall trends correspond with the expected results, when comparing values the model 
shows important differences (Fig.5).  The Green Functions used in this paper have already been tested and verified 
in [15].  Thus, there are different possible reasons for the discrepancies between experimental and modelled results: 
4.1. The error in the determination of polarisability values 
These error come from the determination of polarisability values, due to all the numerical issues explained in 
Section 2. In order to verify this, as the main differences can be seen for the horizontal polarisability, the scattering 
of equivalent truncated spheres have been modelled numerically using CST-Studio Suite (Fig.6).  
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Figure 3 (a) SEM image of a self-aggregated Ag array of NPs. (b) Treated image with particle recognition of the simple using ImageJ  (c) 
Circularity of the NPs shape (d) Size distribution of the array assuming circular particles. 
 
              
Figure 4 Simulation results for truncated spheres (a) and spheres (b), both of average radius of 10nm on 65nmSiOx and 180µm of polished 
silicon. Reflexion (R), transmission though the substrate (T), absorption within the silicon substrate (Si Abs) and absorption losses within the 
nanoparticles (NP Abs) are shown. 
 
 
a b 
d c 
a b 
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Figure 5 Comparison of the measured reflectivity (green line), the calculated reflectivity of the ARC without NPs using Fresnel Equations (black 
line), the calculated reflectivity assuming truncated nanoparticles (red line) and assuming spherical nanoparticles (blue line). 
 
 
Figure 6 Numerical solution for the scattering spectra of a truncated Ag NP on a 65nm-185µm SiO2/Si substrate, with normal incident light. 
By using a numerical software such as CST, an accurate solution is found and it is possible to shed light on the 
real consequences of the QSA assumptions. In Fig.6 it is shown that the trends seen in Fig.2 are correct.  However, 
the numerical solution is redshifted when compared with the analytical one. This points towards retardation effects 
that are completely neglected by the electrostatic approximation. Another consequence of these retardation effects is 
the appearance of different excitation modes, as seen in Fig.6 with the multiple scattering maxima for each curve.  
The presence of those modes, probably quadrupoles, should be included in further studies for better results.   
Therefore, even if Mie model predicts that the main contribution for scattering for Ag NPs under 80nm at visible 
frequencies is due to a dipole, and even if this is even more exact at smaller sizes, the presence of a substrate lead to 
completely different results. 
4.2. The plasmon hybridization 
This occurs when particles are very close one to the other.  The hybridization term is used to make a parallelism 
with the hybridization of atomic orbitals when two atoms interact [16].  In the same way, there is a splitting in the 
resonance energies leading, in a general way, to non-radiating (dark) more energetic resonance modes (thus, with 
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huge ohmic losses), and to radiating (bright) less energetic resonance modes.  However, for a randomly distributed 
model it is not easy to include these effects.  
 
  
Figure 7 Normalised scattering (blue) and absorption (red) cross sections for a spherical array of NPs equivalent to Fig.2a in a homogeneous 
medium of refractive index of 1.5.  Different curves correspond to different excitation polarisations: TE (line) and TM (dot). 
As a first approach, the scattering and absorption cross sections of the array showed in Fig.2 are performed with 
MATLAB, using a slightly modified version of Mackwoski's MSTM code [17]. The results are in Fig.7, where it is 
shown that for both polarisations the results are quite similar, both in scattering and in absorption. This behaviour is 
typical of independent spherical nanoparticles, so these results point towards a very low global interaction between 
them.   There are, however, two remarks to be done:  First, as the curves show the overall scattering, any interaction 
effect leading to a split in energy would be minimised in the global scattering.  This means that the small differences 
between TE and TM modes (around 480nm for scattering and about 650nm for absorption) can be understood as 
interacting nanoparticles but in a very small fraction.  Second, further studies should be done to obtain robust 
conclusions when the substrate is included as it has already been demonstrated the strong effect that the substrate 
has. 
4.3. The Fano resonances 
Another consequence of the presence of multiple particles, apart from the plasmon hybridization, is the 
interaction between excitation modes that lead to Fano resonances in the optical field.  In brief, the Fano interference 
comes when a bright mode interacts with a dark mode [18].  This is the most difficult aspect to take into account, but 
for randomly distributed nanoparticles, theoretical calculations show it is likely to find both bright and dark 
excitation modes [19].  Moreover, previous studies show that even the presence of a substrate can induce Fano 
resonances [20].  Looking at Fig.5 no clear asymmetric lineshape is found (typical for Fano resonances), but the 
presence of a zero reflectivity near 650nm can be a clue.   
5. Conclusions 
In this paper, a critical analysis on a semi-analytical model to obtain the polarisabilites of truncated spheres on 
multi-layered substrates is done.  Then, the model has been applied to simulate a random array of Ag nanoparticles 
over a substrate together with Green functions that solve matricially all the induced dipoles.  Once the equivalent 
dipoles are known the overall radiated field is obtained.  The overall trends related with the optical properties on 
scattering, absorption in the Si and overall transmission are satisfactory.  However, there is an important mismatch 
when comparing values.  The first numerical verifications suggest that the presence of a substrate and the truncation 
lead to a redshift in the expected resonant frequencies as well as to higher order excitation modes that should be 
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included for more accurate results.  Mie model is no longer valid here due to the inhomogeneity of the medium, and 
purely numerical modelling may be needed for that purpose.  
 
The analysis is completed with some hypothesis that should be verified in future studies and that are related with 
the array configuration: The plasmon hybridization and the Fano resonances. The study of both phenomena would 
shed some light on the origin of the ohmic losses within the NPs, giving a chance to find a way to reduce them. 
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